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PREFACE. 



The following course in Spherical Astronomy has been 
prepared for the use of the Author's classes, and is intended 
to include those applications oi astronomy which fall within 
the province of the Civil Engineer. It assumes a prelimi- 
nary knowledge of general Descriptive Astronomy, and is 
also designed to be supplemented by a course of instruction 
and practice in the adjustment and use of portable astro- 
nomical instruments, and in practicar compiitations. It is 
for this reason that theoretical solutions only have been 
given of the various problems considered, all examples having 
been omitted ; but the development of the working formulas 
has been carried to the point required for their practical 
application, and the results are given in a form adapted to 
immediate use. 
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SPHERICAL ASTRONOMY. 



CHAPTER I. 

SPHERICAL PROBLEMS. 

1. In Spherical Astronomy the real distances and mag- 
nittides of the celestial bodies are not considered, but only 
theifx relative directions. Hence, whatever may be their 
actual distances from the observer, they are all regarded as 
situated on the surface of a Celestial Sphere of indefinitely 
great radius, of which the earth is the center. 

2. The fundamental definitions of Astronomy are illus- 
trated in Fig. 1, which represents the principal circles of 
the celestial sphere projected on the plane of the meri- 
dian. 

The observer being supposed to be in north latitude, 
HZR is the meridia^i, HAR the horizon, Z A the prime 
vertical, EQ the. equator, CD the ecliptic, V the vernal 
equinox, Z the zenith, P the north pole, H the north point, 
R the south point, S the place of a star, ZO the star's 
vertical circle, PM its hour circle, and SL its circle of 
latitude. 
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3. The co-ordinates wliich determine the position of a 
celestial body and that of the observer, are represented by 
the following notation : 

ZE =z (f) ■= latitude of the place, 
PZ =1 i/j = colatitude of do., 
SO = Ji z=: star's altitude, 



ZS =z = 
FZS= IfO = Z = 
SZR = 0R = Z'= 
ZFS = FM=F = 

ZSP = S = 

A0 = a=z 

VM=a- 
MS = 6 = 

PS =p = 
VL=:L = 
LS = X = 



u 



tc 



6( 



i( 



ii 



t6 



U 



i( 
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66 
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zenith distance, 
azimuth from north point, 
" from south point, 
hour angle, 
parallactic angle, 
amplitude, 
right ascension, 
declination, 
polar distance, 
longitude, 
latitude. 



CVJS = 0) = obliquity of the ecliptic. 



R 




4. Since PE, ZO, PM, HA and 
RA are quadrants, we have 



90^- 
90«- 
90°- 
90«- 
Z - 
180*^- 



h 

6 

Z 

90* 

Z 



0) 

(3) 
(5) 



6. Many of the most important problems of Spherical 
Astronomy can be reduced to the solution of the spherical 
triangle PZS^ Fig. 2, formed by joining the pole, the 
zenith and the place of a star, by arcs of great circles. 
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The three sides of this triangle are 

PZ = 90"^ — <t) = cohititude, 

FS = 90** — rf = stars polar distance, 

ZS = 90« — /* = '* zenith distance, 

and the three angles are 

P = star's hour angle, 

Z = " azimuth from north point, 

S = " parallactic angle. 




6. The following well-kntfwn 
formulae of Spherical Trigonome- 
try, applied to the triangle PZS, 
will furnish most of the geneml 
H equations required in the discus- 
sions which follow. Denoting the 
angles of any spherical triangle 
hy A, B, Cy and its sides by a, by c, 
we have 



sin a sin J9 = sin b sin A 
sin b 8\n C = sin c sin J? ' 
sin c sin A = sin ^ sin C 

cos a = cos b cos c + sin ^ sin c cos A 
cos b = cos c cos a + sin c sin a cos B 
cos c = cos a cos b + sin a sin b cos C 

sin a cos B := sin c cos b — cos c sin b cos A 
sin J cos C = sin a cos c — cos a sin c cos B 
sin c cos A = sin J cos a — cos b sin a cos C 



(7) 



(8) 



(9) 



sm 



Bin' 



ii^ which 



9 1 J __ sin {s — b) sin (.s- — c) 

-g- ^ ; J ; ■ 

Sin sm c 

1 TO sin {s — c) sin {s — a) 

sin c sin a 






(10) 
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7. If we apply formula (7), (8) and (9) to tlie triangle 
PZS, making A z=: P, B — Z, C — S, « = 90° — A, 
^ z= 90** — (5, c.= 90° — 0, we shall obtain the followlDg 

General Astronomical Formulce. 

cos h sin Z = cos 6 sin P (11) 

cos 6 sin /S = cos <ji sin Z (12) 

cos sin /* := cos A sin 8 (13) 

sin A = sin 6 sin ^ + cos <J cos cos P (14) 

sin (5 3= sin sin 7i + cos cos Zi cos Z (15) 

sin == sin h sin d -[- cos h cos d cos S (16) 

cos A cos Z = sin (J cos — cos 6 sin cos P (17) 
cos 6 cos 6^ = sin cos 7* — cos sin 7^ cos Z (18) 
cos cos P ■=. sin Zt cos 6 — cos 1i sin 6 cos aS' (19) 

By making the proper substitutions in these equations 
we may find the formulsB for a body in any position in the 
heavens. 

8. Given the latitude of the place and the declination of 
the body, to find its altitude and azimuth when it is on the 
six hmtr circle. 

In this position the hour angle /* = 6 hotirs = 90% 
hence sin P = 1, cos P = 0, and (14) becomes 

sin h = sin 6 sin (20) 

(11) becomes cos h sin Z = cos rf 
(17) becomes cos h cos Z= sin 6 cos <t> 

whence by division, 

tanZ = ?-^*-f (21) 

cos <t> ^ ' 

Eqs. (20) and (21) are the expressions required. 

9. Given the same data, to find the hour angle and azi- 
muth of a body in the horizon. 
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In this position, A=0**, sin A:^0, cos h = l, and by (14), 
co8P=-?yLi^=-tandtan« (22) 

cos O COS (t> • 

and by (15), 

cosZ=?i5_^ (23) 

COS i^ 

10. Given the same data, to find the altitude or zenith 
distance of a body on the meridian. 

In respect to the position of a body on the meridian, 
there may be three cases : 

Ist, If the body is south of the zenith, the point iS, 
Fig. 2, will lie somewhere on the arc ZR, and in the tri- 
angle PZS we shall have the angles ^S = 0**, P = 0^ 
whence cos ^ = 1, cos P = 1, and (16) and (19) become 

sin = sin h sin 6 -(- cos h cos 6 = cos {h — 6) 
cos ^ = sin h cos 6 — cos h sin 6 = sin {h — 6) 

from which it appears that [h — 6) is the complement of 
(^), that is, 

/t — (J = 90** — <^ = t/;, whence 7/ = i/> + d (24) 
or <^ = 90« — (/* — (J) = « + (J, 

whence z = (p — <J (25) 

2d. If the body is between the zenith and the pole, the 
point S, Fig. 2, lies on the arc PZ, and the angles P = 0^ 
Z=i 0", whence cos P = 1, cos Z= 1, and (14) and (17) 
become 

sin h = sin (J sin -|~ cos 6 cos ^ = cos (rf — <p) 
cos Zt = sin 6 cos ^ — cos <J sin ^ = sin {6 — <p) 

hence (rf — ^) is the complement of (h), that is 

(J — (^ = 90« — 7i = 2; (26) 

or ^ A = 90^ — (<J — <^) = <^+jt? (27) 

36?. If the body is below the pole, the point 8, Fig. 2, is on 
the arc PH, and the angles Z= 0, /S = 0", whence cos Z 
•= 1, cos 6^= 1, and (15) and (18) become 
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sin 6 :=8\n <f> sin h + cos (/> cos h = cos (<t> — h) 
cos (J = sin ^ cos h — cos sin // = sin (<^ — //) 

hence (<t> — h) te the complement of (d), that is, 

(^ — 7* = 90^ — d = jTj, whence h = <t> — p (28) 
ulso 90<> — 7i = ;? = 180° — (0 + d) (29) 

11. Given the latitude of the place, and the declination 
and zenith distance of a body, to find its hour angle and 

Applying Eqs. (10) to the triangle PZS, Fig. 2, making 
*« = z instead of 90° — h, as before, we find 

siu« ^ P = '^" [^ — (90° — d)] sin [^ — (90° — (^)] ,^^. 

^ cos d COS (j) 

sin* 1 Z =: sin [s — (90° — </>)] sin (^ — g) .g^v 

^ cos ^ sin z 

in which 

. = H-_(90:iz:i_«5) +.(90!z:i) = 90O + 4 (^ - - rf) 

Hence 

s — z= 90^+ I (z — <p — 6) — z = 90''—^(z + (t> + 6) 
s _ (90° — ^) = ^ (^ - ^_ d) + <^= -J (^ + ^ — d) 
^. _ (90O _ d) = J (^ — (^ — d) + d = -J- (^ — 9 + d) 

By the substitution of these values, (30) and (31) become 

sin' 1 P = S"^ ^ (g — <A + <^) si" g (g + ^ — <^) (32) 
^ cos d cos 

sin^ hZ = sin -I- (z + <ft — d) cos h(^ + 4>+ ^) (33) 
^ cos <t) sin 2 

Ihe expressions required. 

12. Given the latitude of the place, and the hour angle 
and declination of a body, to find its azimuth and altitude. 

Suppose the azimuth to be reckoned from the south point. 
We find from (6), Z= 180° — Z', whence sin Z =1 sin Z', 
cos Z :=. — COS Z, which values substituted in (11), (14) 
and (17), reduce them to 
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COS /* sin Z' = COS d sin F (34) 

sin h = sin <J sin ^ + cos <J cos ^ cos P (35) 

cos h cos ^' = — sin <J cos <^ + cos 6 sin <^ cos P (36) 

Make sin 6 =z m sin M (3?) 

and cos <J cos P =^ in cos Jlf (38) 

then (35) and (36) become 

sin h = m (sin ^ sin Jf + cos <p cos M) 

= m cos (<t> - M) (39) 

cos A cos Z' = 7;^i (sin ^ cos M — cos <^ sin M) 

= m sin {(t> - M) (40) 

Dividing (37) by (38), 

tan M = ^^4 (41) 

cos F 

Dividing (34) by (40), 

cos 6 sin P 



tan Z' = 



m ' sin (^ — My 

but from (38), 55ii = £21^, 

«i cos f 

hence tan ^ = cos M tan P ^^^^ 

Sin (0 — J/ ) 
Dividing (40) by (39), 

P^ = tan (<^ - Jf ) 
tan h 

whence tan h = ^^ — ^-^nrrv (^) 

tan (<^ — Jf ) 

Eqs. (41), (42) and (43) solve the problem. 

13. To sliow that we are at liberty to make the assump- 
tions expressed in (37) and (38), we observe that if we have 
any two real quantities, positive or negative, as x and y, 

we may put 

X = m sin M, 

y = m cos My 
as we then have 

x^ + y'^ = m' (sin' M + cos^. M) ^ m 

or m = ^j(r + «/ ; 
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and also 



X 

1 



or 



__ sin M 
~~ cos M 

M =- tan" 



= tan M 

-1 ^ 



Tliese values of m and M are always real and possible, 
wliatever be the values or signs of x and ;y, hence there 
are some real values of m and M which will satisfy (37) 
and (38). 

14. Given the right ascension, and decimation of a body, 
and the obliquity of the ecliptic, to find the longitude and 

latitude of the body. 

Let HPER, Fig. 3, be that posi- 
tion of the meridian which coin- 
cides with the solstitial colure, and 
which is therefore perpendicular 
to both the equator, EQ, and tlie 
ecliptic CV, The vernal equinox 
V is then in the horizon, FV \^ 
the equinoctial colure, and the 
arcs CV, EV and QV are quad- 
rants. Let K be the pole of the 
ecliptic, then in the triangle EPS, 

KP = CE = 6) = obliquity of ecliptic ; 

Pas' = 90« - rf; KS = 90^ - X\ 

angle EPS = arc QM =^ C F + Fif = 90<> + a ; 

angle PES = arc CL = CF - VL = 90^ - Z. 




FIG.3. 



15. In the first equations of (7), (8) and (9), making 
^ = 90« + a, j9 = 90° - Z, a = 90° - ;i, J = 90° - <J, 
c = 6), we obtain the following : 

<jos X cos jL = cos 6 cos a (44) 

sin A == sin i cos w — cos <J sin w sin a (45) 

cos A sin L = sin w sin (5 + cos w cos d sin « (4fi) 



n 
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^ In order to put these equations in a form adapted to 
logarithms, make 

sin (J = 7» sin M (47) 

cos 6 sin a = 7» cos M (48) 

which reduce (45) and (46) to 

sin X =• m (sin M cos w — cos M sin w) 

= m sin ( JIf — 6)) (49) 

cos X sin X = m (cos Jf cos g> -f- sin Jf sin w) 

= m cos {M — (m>) (50) 

Dividing (47) by (48), 

tan Jf = ^-^ (51) 

sm a ^ 

Dividing (50) by (44), 

i „ ,- W cos Jf '-- 6)) 

tan x/ = . -', 

cos o cos a 

m sin a 



(52) 



but by (48), , j-. , 

^^ " cos 6 cos J/' 

whence tan L = ^n a cos (^ - o>) 

cos iH 

Dividing (49) by (50), 

-?52_ = tan (M — (o), 

whence tan X == sin L tan ( Jf — w) (53) 

Eqs. (51), (52) and (53) solve the problem. 
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OHAPTEE n. 

I TIME. 

Conversion of Different Kinds of Time. 

16. A sidereal day is the interval between two successive 
meridian passages of the vernal equinox. An apparent 
solar day is the interval between two successive meridian 
passages of tlie sun's center. A mean solar day is the 
average length of all the apparent solar days in a tropical 
year. 

17. The tropical year contains 365.24 mean solar days. 
But since the sun makes an apparent revolution from west 
to east in the ecliptic in a year, it loses one diurnal revolu- 
tion from east to west, in comparison with the fixed stars ; 
hence there are just one more sidereal than solar days in a 
year, namely, 366.24. 

Hence 365.24 solar days = 366.24 sid. days, 
and 

1 solar day == l^^ sid. day = 1.0027379 sid. day (54) 

or 1 solar day ^■= 1 sid. day + 3"*56*.555 sid. time (55) 
Also, from (54), 

1 sid. day = 0.9972696 solar day (56) 

or 1 sid. day = 1 solar day — 3"*55*.909 solar time (57) 

The excess of a mean solar above a sidereal day is there- 
fore 3"*56*.555 of sidereal time, or 3~55*.909 mean solar 
time. 
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18. To convert intervals of mean solar time into equiva- 
lent intervals of sidereal time, and vice versa. 

Since a sidereal day, hour, etc., is shorter than a solar 
day, hour, etc., a given interval will contain more sidereal 
than solar days qr hours, etc. Hence it follows from (54), 
that any interval expressed in mean solar time may be 
clianged into its sidereal equivalent by multiplying by 
1.0027379; and from (56), that any sidereal interval may 
be changed into its mean solar equivalent by multiplying 
by 0.9972696. 

In pi*actice, the equivalent intervals of mean solar and 
sidereal time may be taken directly from a table. 

19. Given the sidereal time at any instant to find the 
mean solar time. 

Let m = mean time at given instant, 
s = sid. time at given instant, 
s' = sid. time at preceding mean noon. 
Then m = mean interval elapsed since mean noon, 
and 5 — *' = sid. interval elapsed since mean noon. 

Hence m = mean equivalent of (s — s') (58) 

and s — s' =^ sid, equivalent of {m) (59) 

From (58) we have this rule; 

From the given sidereal time subtract the sidereal time 
at preceding mean noon, and reduce the remainder to its 
mean equivalent. 

Given the mean solar time at any instant, to find the 
sidereal time. 

From (59) we find 

« = «' + sid, equivohnt of (m) (60) 

whence the rule : 

To the sidereal time at preceding mean noon add the given 
mean time reduced to its sidereal^ equivalent. ' 
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20. Given the mean solar Htne at any instant to find the 
apparent solar time^ or given the apparent to find the mean 
solar time. 

The equation of time is a quantity wliich, being added 
to the apparent time, gives the mean time. Hence the 
mean time may be found from the apparent by adding the 
equation of time, that is, applying it according to its sign ; 
and the apparent time may be found from the mean by 
applying the equation of time with a contrary sign. . 

The " sidereal time at mean noon" and " equation of time" 
may be found for any day from the solar ephemeris. 

HouK Angles. 

21. The hour anc/.e of a celestial body is the angle which 
its hour circle makes with the meridian. 

Thus, the hour angle of the star S, Fig. 1, is the angle 
ZPS, or the arc EM of the equator. 

Like the right ascension, the hour angle, being measured 
by an arc of the equator, may be expressed in either degrees, 
minutes and seconds of arc, or in hours, minutes and sec- 
onds of time, allowing 15° to 1 hour. 

The hour angle is always reckoned westward from the 
meridian, from 0« to 360«, or from 0* to 24*. 

22. Since the sidereal day begins when the vernal equi- 
nox is on the meridian, it follows that the sidereal time at 
a given instant is equal to the hour angle of the vernal 
equinox. 

If, then, the hour angle of a star be given, to find the 
sidereal time, we have. Fig. 1, EV =^EM '\' MV, that is, 

sid, time = star's hour angle + stains R. A. (61) 

in which, if the sum of the hour angle and R. A. should 
be greater than 24 hours, the excess»wiU be the sidereal time 
required. 
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23. Conversely, if the sidereal time at any instant be given, 
to find the hour angle of a star, we have from (61), 

starts hour angle = sid, time — starts R, A. (62) 

and if the sid. time be less than the R. A., it mnst be 
increased by 24 hours, to render the subtraction possible. 

In applying (61) and (^2), the hour angle, as well as right 
ascension, must be expressed in time, 

24. Since the apparent solar day begins when the sun's 
center is on the meridian, it follows that the apparent time 
at a given instant is equal to the stin's hour a?igle. 

Hence, if the sun's hour angle be given to find the mean 
solar time, we have. Art. 20, 

mean time = sun's hour angle -f- eq, of time (63) 

and if the mean time be given, to find the sun's hour angle, 

sun\s hour angle = mea7i time — eq. of time (64) 

in which, of course, the sun's hour angle must be expressed 
in time. 

. 25. If the "sid. time" in (62), and "mean time" in (64) 
are taken by observation from the clock, the clock error 
must be known and allowed for, otherwise the resulting 
hour angle will be incorrect. But a method of finding the 
hour angle of a body independently of the clock error, 
which can be employed in certain cases, is to observe the 
interval of the times when the body has equal altitudes 
east and west of the meridian. It is evident that half this 
inteiTal expressed in arc is the hour anlge ZPS = BM, 
Fig. 1. 

Time of Meridian Passage. 

26. To find the time when a star or other celestial body 
will pass the meridian, we observe that at this time its hour 
angle is 0, hence (61) becomes 

sid, time of meridian passage ^ starts R. A. (65) 
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which may be conveiied into mean time, if desired, by 
Art. 19. 

To find the mean time of the sun's meridian passage, 
(63) gives in the same way, 

meayi time sun^s meridian passage ^ eq» of time. 

This result is expressed in astronomical time; if it be 
required in civil time, 12 hours must be added, thus, 

mean time sun^s merid, passage = eq. of time + 12* (66) 

Methods of Finding the Time by Observation. 

I. 

^ 27. By observing the time of meridian passage of a star, 
or the sun. 

Compute by (65) or (66) the time when a star or the 
sun's center will pass the meridian ; then observe the same 
with the Transit instrument and clock. The difference 
of the computed and observed times will be the clock 
error. 

Stars situated near the equator are the best to use for 
this purpose, provided the Transit instrument be well 
adjusted, because their apparent diurnal motion is most 
rapid. 

This is the most simple and accurate method of finding 
the time. 

II. 

28. By observing equal altitudes of a star or the sun. 
If we observe the times when a star has equal altitudes 
east and west of the meridian, and take their mean, we get 
the time of its meridian passage. But if the sun be obseiTed 
in like manner, a correction will be necessary on account 
of its change of declination during the interval. This 
correction is called the Equation of Equal Altitudes of the 
Sun. 
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29. To find wliat effect the change of declination has on 
the sun's hour angle, t^ke the general equation (14), 

sin h = sin 6 sin -f- cos 6 cos cos P, 

and differentiate it on the supposition that 6 and P are the 
only Variables ; we find 

= sin cos 6 rfd — cos 6 cos sin PdP — cos ^ cos P sin 6 dd, 

whence 

dd (sin ^ cos 6 — cos ^ sin 6 cos P) = cos cos 6 sin PdP, 

and 

dP = rfd (-^1^ _ !i!l4^\ 

\cos sin Jr cos o sin Jr/ 

= d6 l^^t - t5B4\ (07) 

Vsiu P tan jP/ 

30. Let t = half the interval between the observations, 
expressed in hours ; 

A = sun's hourly change of declination ; 

X = correction to be added to the mean of the observed 
times, to obtain apparent noon. 

Then /A will be the sun's change of declination during 
half the interval, and x will be the change it produces in 
the hour angle. These quantities are very small, and have 
sensibly the same relation as dd and a(P, hence we may sub- 
stitute in Eq. (67), /A for dd, t for P, and x for dP. 

If the declination is increasing, the hour angle west of 
the meridian will be greater than that east of the meridian, 
hence the mean of the observed times will be rr/l^er apparent 
noon, and will require a negative coiTection. That is, A 
a7id X have contrary signs, 

31. Making the substitutions referred to above, changing 
the 5ign of the second member, and dividing by 15 to get 
the correction in time, we have 

16 \ sin t tau tJ ^ '' 
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If we put -^ -^ = ^, and ^3^^ = 5, 

(68) becomes 

X = A A tan <i> + BA tan 6 (69) 

the equation of equal altitudes. 

The logarithms of A and B are computed for different 
values of the interval 2^, and mav be taken from a table. 
Such a table is given in Chauvenet's "Spherical and Prac- 
tical Astronomv ," Vol. 11. 

The values of 6 and A may be taken from the Nautical 
Almanac, observing that 6 is negative when the declination 
is south, and A is negative when the declination is 
decreasing. 

32. The equal altitudes may be measured with the sex- 
tant. As these altitudes themselves are not used, no cor,- 
rections for pamllax, refmction, etc., are required. 

The mean of the observed times corrected for the equation 
of equal altitudes is the observed time of apparent noon. 
Comparing this with the mean time of apparent noon, 
found by (66), we get the clock error, 

III. 

33. By measuring the altitude of a body out of the 
meridian. 

Equation (32) may be written in the form 



sin i P = J ^^^ ^ [^ — (^ — ^)] sin h [^ + (^ — ^)] (79) 
V COS 6 cos d) ^ 



cos 6 cos 

In this equation, the latitude of the place, (0), is supposed 
to be known, the zenith distance of the body, (z), is the 
complement of the measured altitude, and the declination, 
(6), is to be taken from the Nautical Almanac, observing 
that north declinations are to be marked +> and south — . 
The altitude may be measured with the sextant, and must 
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be corrected in all cases ior refraction, and in the case of 
the sun or a planet, for parallax and semidiameter. The 
tiine of the observation must also be observed by the clock. 

By applying logarithms to Eq. (70) we obtain the value 
of P, the hour angle, which is to be changed into time by 
(61) or (63). Comparing this with the observed time we 
have the clo(^ error. 

The best time for measuring the altitude is when the 
body is near the prime vertical, its motion being then most 
rapid. 

Time of Rising and Setting. 

34. To find the time of trne rising or setting, we have 
only to take Eq. (22) for the hour angle of a body in the 
horizon, that is, 

cos P = — tall <j> tan <5, 

and change the hour angle P into time, by (61) in case of a 
star, or (63) in case of the sun. 

35. To find the time of apparent rising or setting, that is, 
the time when a body appears in the horizon, we use Eq. 
(70), making 

2; = 90« + refraction = 90« 34^', 

since the body at this time is really 34^' below the horizon. 
If the time of apparent rising or setting of the stents upper 
limb be required, it is necessary to make in Eq. (70), 

z = 90® + refraction + semidiameter = 90® 50' nearly. 
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OPIAPTER III. 

THE MERIDIAN LINE. 

36. The intersection of the plane of the meridian at any 
place with that of the horizon is called the meridian line. 
The following are some of the best methods of finding the 
direction of the meridian line at a given place. ^ 



I. 

37. By observing the azimuth of a circumpolar star at 
the time of its greatest elongation, 

A star is said to be at its greatest elongation when its 
vertical circle ZS, Fig. 1, is tangent to its diurnal circle, 
that is, perpendicular to its hour circle PS. Hence in this 
position the parallactic angle j8 = 90**, and cos £1=0, 
sin j8 = ly whence by (12), 

sin Z « ?5?4 (71) 

cos ^ ^ 

TVe also tind from (16), 

sin A = !!5L^ (72) 

Sin d ^ ' 

and from (19), cos P = 512^^^ 

^ cos^ 

or by (72), cos P = ^^IL±^ = W (73) 

•^ ^ cos ^ sin tan 6 ^ 

The latitude of the place being known, and the declina- 
tion of the star being taken from the Nautical Almanac, 
the values of Z and P may be found from (71) and (73). 
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The hour angle P must then be changed into time by (61), 
observing that if the time of greatest eastern elongation be 
required, P must be taken with a negative sign. 

The sidereal time of greatest elongation thus obtained 
may be converted into mean time, if desired, by Art. 19. 

38. A little before this time, direct to the star an instni- 
ment provided with a horizontal circle for measuring 
azimuths, 8uch as the engineer's transit, or theodolite, and 
let the motion of the star be followed by the instrument 
until it ceases to change its azimuth, then take the reading 
of the circle. If this reading be denoted by R, the reading 
for the meridian will he R ± Z, 

Thus, suppose the readings of the instrument to increase 
from the left round to the right, then if the observed 
elongation be west, the reading for the meridian is 12 + Z, 
but if east, it is iZ — Z. The reverse will be true if the 
circle reads from the right round to the left. 

39. If the latitude of the place be not known, the reading 
of the instrument may be taken when the star is at both 
greatest eastern and greatest western elongation, and the 
mean of the two will be the reading for the meridian. 

40. The star selected should be very near the pole. On 
account of its large magnitude and close proximity to the 
pole, the pole-star is well adapted to this purpose. 

11. 

41. By measuring the azimuth and aUitude of a body 
at the sa7ne instant. 

Eq. (33) may be written thus: 

sin i Z = 4 / sin U^~+^f^^) cos f(z + ^ + (5) .^^v 
. V COS sin « ^ ' 
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in which z is the complement of the observed altitude cor- 
rected for refractioji, etc., and Z is the azimuth reckoned 
from the north-^oint. If then R denote the observed read- 
ing of the horizontal circle, R±Z will be its reading for 
the meridian. 

42. The instrument employed should have both a hori- 
zontal and a vertical circle, for measuring azimuths and 
altitudes, as in the theodolite. But if it is adapted for 
measuring azimuths only, the altitude may be measured at 
the same instant by another observer with the sextant. 

III. 

43. By cbserving the azimvth of a body, and the corres- 
ponding time. 

From the observed time, the hour angle of the body, P, 
may be found by Eq. (62) or (64) ; then by (42), 

4. ry, COsJftanP /-.^v 

tan Z' = . ,. jTfr (7o) 

sin (0 — M) ^ ' 

in which M is determined by (41), 

tanJf=^^s (76) 

cos P ^ 

The value of Z is the azimuth reckoned from the south 
point. If R denote the observed azimuth reoding, R± Z 
will be the reading for the meridian. 

44. It may be remarked that if the magnetic bearing of 
the body be taken, the difference between this and the true 
azimuth Z will be the " variation of the needle." 

IV. 

45. By observing eqiidl altitudes of a star or the sun. 
If the instrument be directed to a star when at equal 

altitudes east and west of the meridian, and the readings of 
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the horizontal circle taken in the two positions, their mean 
will be the reading for the meridian. 

But if the stm be observed at equal altitudes, the mean 
of the two readings will require a coiTection on account of 
the change of the sun^s declination. To find this correction, 
take the general equation (15), 

sin 6 = sin sin h + cos <t> cos h cos Z, 

and replace Z by 180"* — ^', Eq. (6), since the sun's azimuth 
is more conveniently reckoned from the south point. We 
thus find 

sin 6 = sin sin h -^ cos cos h cos Z' (7?) 

To find what effect the change of declination produces in 
the azimuth, differentiate (77) on the supposition that 6 and 
Z are the only variables, then 

cos 6 d6 ^ cos <l> cos h sin ZdZ, 

whence dZ = dS --52^^_,_^ (78) 

cos COS h sm Z' ^ 

But from (11), since sin Z = sin Z, 

r cos h sin Z' 

cos O = ; — =5 — , 

sm P 
which reduces (78) to 

dZ = f^. p (79) 

cos sm F ^ 

46. Let the times of the two observations be noted by the 
clock; let A = ^ ^h^ sun's change of declination in the 
interval, and x = correction required by the mean of the 
two azimuth readings ; then x and A will have sensibly 
the same relation as dZ' and d6, hence by (79), 

x= ^.—j, (80) 

cos sm F • 

The change of declination,. A, niay be found by means 
of the hourly change given in the Nautical Almanac, and 
the hour angle P is half the interval of apparent time 
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between the oboeryations, converted into arc by multiplying 
by 15. (Art 25.) 

47. In regard to the sign of the correction Xy it is evident 
that if the declination is increasinff, the eflfect is to cause 
the mean of the two observed azimuth readings to lie on 
the west of the meridian, and if decreas-inff, on the east of 
the meridian. It follows that if the horizontal circle reads 
from the left round to the right, x has a contrary sign to A, 
but if from right round to left, x has the same sign as A. 

V. 

48. Bf/ observing the meridian transits of ttoo stars at 
verj/ different altitudes. 

To acfjust the transit instrument nearly in the meridian. 

Let the instrument be carefully leveled ; it will then 
describe a vertical circle which at the zenith coincides with 
the meridian, and departs from it more and more in ap- 
proaching the horizon. The observed time of transit of a 
star near the zenith will therefore be nearly the same as the 
time of its meridian transit, however much the instrument 
may deviate ; but for a star near the horizon, the time of 
observed transit will differ considerably from that of me- 
ridian transit. 

If, then, by observing the times of transit of a high and 
a low star, the difference of observed sidereal times is found 
equal to the diflference of their right ascensions — that is, 
both stars give the same error for the clock — it will follow 
that the instrument is adjusted in the meridian, but if not, 
that it deviates in azimuth. The time of observed transit 
of the higher star may be assumed to be correct ; hence if 
the lower star was- observed too early, the deviation is east, 
but if too late, it is west. 

Let the error be corrected as nearly as may be, and the 
observation repeated until the high and low stars give 



THE MERIDIAK LIKE. 23 

4 

nearly the same clock error; the instrument will then be 
approximately adjusted in the meridian. 

49. To find the amount of the demotion in azimuth. 
We may distinguish several cases according to the posi- 
tion of the two stars at the time of their culmination. 

Ca^se 1. — Suppose both stars south of the zenith 
Since we have, Eq. (6), sin Z' = sin Zy the general equa- 
tion (11) may be written 

cos h sin Z = cos 6 sin P. 

Now as the instrument is supposed to be nearly in the 
meridian, the angles JZ' and P are very small^ and if they 
are expressed in seconds we may put for sin Z^ Z sin 1", 
and for sin P, P sin 1" ; whence we find 

P = Z 52?* (81) 

cos d ^ ^ 

But for a star south of the zenith, we have by (2) and (25), 

cos A = sin 2f = sin (0 — 6), 

Substituting this in (81), and dividing by 15 in order to 
find the hour angle P in time^ 

P = 1' . !»L(t^ =. :^ (sin ^ - cos ^ tan d). 
15 cosd 15 ^ '^ ^ ' 

Now, for one of the stars, let 

t = sidereal time of observed transit, 
a = . " meridian transit 

= the star's right ascension [Eq. (65)], 

then, by Eq. (61), 

^ Z 

^ = a -f- P = Of -f- - - (sin — cos ^ tan <J), 

J.0 

and for the other star, 

^ = a' + p/ = a' + ^ (sin — cos i^ tan 6% 

15 
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since Z', the azimuth deviation of the instrument, is the 
same for both stars. Hence we find 

Z' 

t — t' --^^ a — a' — — , cos 6 (tan 6 — tan 6') 

lo 

and Z' =^ 15 \a — a'—{t — f)\ .g^. 

cos (tan 6 — tan 6') . ^ ' 

which may be adapted to logarithms by the trigonometri- 
cal formula 

sin (oc •^ t/) 
tan X — tan y = ^ ^, 

cos X cos p 

then Z' =. 15{a-a--(^-n}co8dcosrf- ,g3 

cos sin (6 — 6') ^ , 

It appears from (81) that P and Z' always have the same 
sign, hence a positive value of Z' in (83) indicates deviation 
west of south, and a negative value of Z', east of south, 

(Art. 21.) 

Case 2. — Suppose both stars north of the zenith and 
above the pole. 

In this case we have instead of (81), 

p^^cosA ,g^) 

cos o ^ 

and since the stars are between the zenith and the pole, 

(26) gives 

cos h = sin {6 — ^), 

whence, finding P in time, 

n Z sin (d — <^) Z ^ , , J. . . V 

P = ^r- * ^^ — ^r-^^ = zr^ COS (b tan o — sm <b). 

15 cos lo ^' 

We then have, as before, 

^ = a + -— (cos ^ tan 6 — sin ^), 
io 

2^ 

^ = flf' + ~ (cos ^ tan 6* — sin ^), 

rr 

' t — P == a — a' + jj COS (tan 6 — tan &) ; 

10 
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hence ' Z -.- '15 1^ — ^^ — (<^ — ^01 (85) 

cos ^ (tan d — tan cJ') 

which may be adapted to logarithms in the same way 
as (82). 

It appears from (84) that P and Z always have the same 
sign, hence a positive vahie of Z in (86) shows the deviation 
to be west of north, and a negative value of Z, east of north, 

Ca^e 3. — Suppose both stars 7iorth of the zenith, one above 
the pole, and the other helouo. 

For the higher star, we have, as before, 

P = (cos tan (J — sin ^) 
15 

Z 

and • ^ = flf + —=• (cos tan d — sin 0). 

15 
For the star below the pole, by (29), 

cos h = sin {180*> — (^ + d')} = sin {^ + 6% 
whence, by (84), 

P, Z sin (0 + <^') Z t ^ , X A. X. xi\ 
= Tc -^^— 4^ — - = ^ (si» + COS tan o'). . 

16 cos 0' 16 ^ 

Now the time of passing the meridian below the pole 
= a' — 12 hours, hence the sidereal time of observed 
transit 

^V =.a! — 12* — P' = a' — 12* — :;! (sin <^+cos tan d'). 

15 

H^nce we find 

t — V=a—a^-\' 12* + ~ cos (tan cJ + tan cJ';, 

15 

and Z= 15{f-^'-(«-aO^^| (86) 

COS ^ (tan -f- tan o') 

• or since tan 6 + tan cJ' = gH ^ (f + l'\ 

COS O COS 0' 

^ 16 1^ — ^^ — (n- — <yO — 12*} cos d cos rf^ ,o,vx 

cos0sin(d+dO ^ ' 

4 
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Case 4.— Suppose the same star to be observed bath above 
and below the pole. 

We shall then have, in (8C), a = a', and 6 = <J', whence 

2 cos tan o 
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CHAPTER IV. 

LATITUDE. 

50. The latitude of a place, (0), considered astronomically, 
is the arc of the meridian ZE, Fig. 1, included between the 
zenith of the place and the equator. The colatitude, (V»), is 
the arc ZP between the zenith and the pole. Now since 
ZHy ZR and PE are quadrants, we have ZE = PH, and 
ZP = ER ; that is, the altitude of the pole above the hori- 
zon is equal to the latitude, and the altitude of the equator 
is equal to the colatitude. 

The following are some of the principal methods of deter- 
mining the latitude of a place. 

I. 

51. By tneasuring the meridian aUitude or zenith dis- 
tance of a heavenly body. 

'Ihere may be three cases. 

(1.) If the body culminates sotUh of the zenith^ (24) and 
(25) give 

V' = A — <^ (89) 

^ = « + <J (90) 

(2.) If the body culminates north of the zenith, above the 
pde, (26) and (27) give 

= h — p (91) 

ft> ^ d — i (92) 
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(3.) If the body culminates ru/rth of the zenith, below ths 
poU, (28) and (29) give 

= h + p (93) 

= 180° — (6 + z) (94) 

In applying these formulae, the declination, 6, or polar 
distance, p, is found from the Nautical Almanac, and the 
meridian altitude, h, or zenith distance, z, by measurement, 
corrected for refraction, and in case of the sun, moon or a 
planet, for paraUaxand semidiameter. 

11. 

52. By measuring the greatest and least aUittides of a 
circumpolar star. 

Let h denote the greatest, and h" the least altitude of the 
star; then by (91) and (93), 

(t>= h' — p ) 

^=h" + p S 
half the sum of which is . 

= i (K + h") (95) 

The measured altitudes must be corrected for refraction. 

III. 

53. By measuriivg the meridian zenith distances of tuyo 
stars on opposite sides of the zenith 

Suppose the two stars to culminate at nearly equal dis- 
tances north and south of the zenith, then by (90) and (92), 

(j>:r.6'—Z' ] 

half the sum of which is 

^=l{6 + 6') + \{z-z') (96) 

The instrument generally used in the application of this 
method is the zenith telescope. The two stars are so selected 
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that the interval between their culminations is sufficient to 
give time for turning the telescope 180** about a vertical 
axis, the inclination of the telescope to this axis being 
unchanged during the revolution. Hence the two stars, 
having nearly equal zenith distances, appear successively in 
the field of view, and the diflFerence of their zenith distances 
can be accurately measured with a micrometer. The instru- 
mental errors to which all other methods of finding the 
latitude are liable, are thus avoided. 

Suppose m and m' to be the readings of the micrometer 
on the two stars, and R the value of one revolution of the 
micrometer screw, in seconds. Then, supposing the read- 
ings to increase with the zenith distances, the observed dif- 
ference of zenith distance of the two stars in seconds will 
be iZ (m — m'). 

54. To guard against any change of position in the vertical 
axis, during the observations, a delicate level is attached to 
the telescope, and read after the culmination of each star. 
Let n and a denote the readings of the north and south ends 
at the culmination of one star, and n' and s' at that of the 
other star, and d the value of one division of the level scale 
in seconds, then 

a — r — and a r — 

will be the corresponding inclinations of the level to the 
horizon. Since any change of level which increases the 
apparent zenith distance of one star diminishes that of the 
other, the observed diflFerence of zenith distance must be 
corrected by the sum of these inclinations, that is, 

f (n — « + w' — 8'). 

A correction is also required for the diflFerence of refrac- 
tion due to the slight diflFerence of zenith distance of the 
two stars. Let r and r' be the two refractions, then as they 
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diminish the apparent zenith distance of both stars, their 
difference, r — r', will be the coiTection to be added. Hence 
the corrected difference of zenith distance is 

z — z'=^R (m — m') +^y[n + n' — {s + sOJ.+ r — r', 
and Eq. (96) becomes 

^ = ^ (d + d') + f (m-7/^') + I [71 + n' - {s + s')] 

+ l{r — r') (96)a 

If the observation on either star was made after its me- 
ridian passage, another correction must be added for the 
" reduction to the meridian." See Art. 62. 

55, This method of finding the latitude excels all others, 
both in simplicity and in accuracy. It is the invention 
of Capt. Andrew Talcott, late of the U. S. Corps of 
Engineers. 

IV. 

56. By observing the transits of a star over the prime 
vertical. 

When a body is on the prime vertical, its azimuth Z= 90**, 
hence cos Z = 1, and (15) becomes 

sin (J = sin ^ sin A 

whence sin A = 52^4 (97) 

sin 

and (17) becomes 

cos P = '^^ t ^!^' ^ = *55J (98) 

cos o sm (p tan ^ ^ 

whence tan <t> = 5=5 (99) 

cosP 

From (99) we may find the latitude, 0, when we know (J, 
the star's declination, and P, its hour angle on the prime 
vertical. The value of 6 is found from the Nautical Alma- 
nac, and that of P by observation, as follows: Any star 
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whose declination is north, and less than the latitude of the 
place, will cross the meridian between the zenith and equa- 
tor, and will cross the prime vertical at two points equidis- 
tant from the meridian, and on opposite sides of it. Having 
a transit instrument adjusted with its axis north and south, 
so that the telescope revolves in the plane of the prime ver- 
tical, we observe the passage of such a star over the wires 
of the instrument, at both positions where it crosses the 
prime vertical. The sidereal interval between the observa- 
tions is evidently double the hour angle of the star on the 
prime vertical ; Art. 25. Hence the value of P in (99) is 
half the observed sidereal interval converted into arc by 
multiplying by 15. 

57. The Transit instrument may be approximately adjusted 
in the prime vertical by placing it on a star at the instant 
of passing the prime vertical, as nearly as the time can be 
ascertained. For this purpose, P may be computed from 
(98), using the best value of <j> which can be obtained, then 
the required time may be found by (61), and the star's alti- 
tude at the same moment is given by (97). 

If the Transit is accurately adjusted in the prime vertical, 
the mean of the observed sidereal times, corrected for the 
error of the clock, should be equal to the star's right 
ascension; hence if it is not so, the difference will 
measure the azimuth error of the instrument. Any such 
error, in either direction, makes the resulting latitude too 
great 

58. The telescope should be reversed on its supports be- 
tween the observations, and the east and west transits 
observed with the axis in reversed positions. All the errors 
of adjustment, except the level error, will thus be eliminated. 
The level error should be well determined, and applied to 
the result. ' 
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The observations on each wire must be reduced to the 
middle wire by mea»s of the equatorial intervals, or the 
latitude determined from the observations on each wire sep- 
arately, and the -mean of the results taken for the latitude. 

. ^ 

59. By observing the , aJtittide and hour avgle of a l>ody, 
at tJie same instant. 

We have the general equation (14), 

sin h = sin d sin ^ + cos 6 cos cos P (100) 

in which the value of d may be found from the Nautical 
Almanac, and those of h and P by observation ; hence is 
tlie only unknown qiiantity. To determine it, let us assume 
tn and M such as to satisfy the conditions, 

sin 6 = rn sin M (101) 

cos (J cos P = m cos Jf (102) 

whence tan M= *55_^ (103) 

cos P 

Equation (100) then becomes 

sin A = in (sin sin 3f + cos ^ cos M) = m cos (0 -^ M), 

whence cos- i<j> — M) = ?ilL^, 

m 

or from (101), 

r.^c /A. iijr\ sin h sin M /if\A\ 

cos (9 — M) = -. — ^ (104) 

sm o ^ ' 

Equation (103) makes known M, and (104) — M, and 
consequently (j), the latitude required. 

60. The altitude, A, may be measured with the sextant, 
corrected for refraction, and if of the sun, parallax and semi- 
diameter. The hour angle, P, may be found by observing 
the time at which the altitude is measured, and substituting 
it in (62) or (64). The clock error must be accurately 
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known, however, as any error in the observed time will 
affect the value of P. 

But the hour angle may be found independently of the 
clock error, as explained in Art. 25, by observing the times 
of equal altitude east and west of the meridian. Half the 
difference of sidereal times of equal altitudes of a star, or 
^lalf the difference of apparent times of those of the sun, 
is the hour angle expressed in time, the clock error being 
eliminated in taking the interval. Tlie clock rate must be 
known, however, a« it affects the observed interval. 

If the hour angle is found by this method, the value of <J 
to be used in (103) and (104) should be the mean of the 
declinations for the two observed times. 

VI. 

61. By dbseroing circum-meridian altitvdes of a body, 
and the corresponding times, 

Z _ This method consists in measuring 

several altitudes of a body just before 

^/(^i^^^^'^ ^^ and just after its meridian passage, 

applying to each a correction called 
the " reduction to the meridian," and 
taking their mean as the meridian 
FIC.4. altitude, from which the latitude may 

be found by the 1st method. 

62. The redtiction to the meridian is the difference of 
any observed altitude or zenith distance, and the meridian 
altitude or zenith distance. 

Let ST, Fig. 4, be an arc of the diurnal circle of the body 
S, and SR an arc parallel to the horizon ; / 

let z=Z8=ZR, 

and x= TR = ZS — ZT =: reduction to the meridian. 
By Eq. (25), ZT=(t> — 6, 

5 
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hence x= z — (0 — ^ d), or 2 = x + (<^ — <J), 

and cos z = cos x cos (0 — 6) — sin x sin (0 — 6). 

But the observations being made near tlie meridian, say 
within 10 minutes of the time of meridian passage, x is very 
small, and we may put 

cos x= 1, sin aj = a? sin 1", 

also we may replace cos z by sin h, then 

sin h = cos (^ — 6) — x sin (0 — 6) sin 1" (105) 

If now we substitute in (14), cos P = 1 — 2 sin* ^ P, 
it becomes 

sin A = sin (J sin + cos d cos ^ — 2 cos (J cos (j) si|i" ^ P, 

or sin h = cos (0 — 6) — 2 cos 6 cos sin' J P (106) 

Equating the second members of (105) and (106), we find 

X sin (0 — 6) sin 1" = 2 cos (J cos ^ sin' J P, 

whence ^^ 2 sin'^ P cos rf cob jft 

sm 1" sm (0 — 6) 

_ 7. cos d cos 6 /i/Mv\ 

or x= k ' - — — ^ (107) 

sm (0 — o) ^ ' 

in which cc is expressed in seconds. This is the correction 
to be applied to the observed altitudes. 
The values of 

, _ 2 sin' ^ P 
sin 1'' 

are computed for values of P to every second, and may be 
taken from a table. 

Since Eq. (107) involves the latitude, <p, it must be 
approximately known before this method can be used. 

63. If the clock has a sensible rate during the observa- 
tions, it must be taken account of. 

Let r = daily rate, positive when losing ; then if P is the 
hour angle indicated by the clock, and P the true hour 
angle, we have 



whence 
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P' : P : : 24* ; 24* — r : : 86400* : 86400* ~ r, 

P' 86400 1 



P "" 86400— r"" ^ _ r 



86400 

Instead of sin ^ P, we must use sin J P', but since P is 
always small, 

P' 

sin i P' = sin \P •^ nearly, and 

sin' i P' = sin* i P (^J = sin* J P [" ^r~l ' 

L^ "" 8640oJ 

which may be written n • sin* J P. The logarithm of n 
may be taken from a table, and the factor k in (107) now 
becomes nk. 
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CHAPTER Y. 

LONGITUDE. 

64. The difference of longitude of two places on 
the earth's surface is the arc of the celestial Equator 
included between their meridians. If the meridian of 
one of the places be assumed as the first meridian^ their 
difference of longitude is called the longitude of the other 
place. 

Longitude may be expressed in either degrees, minutes 
and seconds of arc, or hours, minutes and seconds of time, 
15 degrees being equal to 1 hour. 

65. Nearly all methods of finding differences of longitude 
depend on the principle that at any given instant, the dif- 
ference of local tifne at any ttoo pktces is the same as tlieir 
difference of longitude expressed in time. 

The method of determining the longitude from the 
observation of a solar eclipse, is given in Chapter VIII. 
The method by chronometers, and that by the telegraph, 
are explained in Descriptive Astronomy. The latter method, 
applied to the transmission of "star signals" by telegraph, 
is incomparably the best of all known methods, wherever 
practicable, both on account of the great precision with 
which the operation can be conducted, and of the facility 
with which it may be repeated indefinitely. The result, 
moreover, is independent of the clock error, and of the 
errors of the star tables. 
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We now proceed to explain another method of determin- 
ing longitude, very simple in practice, and capable, with 
proper precautions, of giving results with considerable 
accuracy. 

66. Method of finding tJie longitude of a place by observ- 
ing a Moon-eidinination. 

The moon passes the meridian of a given place about 50 
minutes later on any day than on the preceding day, h6nce 
its increase of right ascension is about 50"* in 24 houra, or 
about 2*" an hour. Hence if the moon and a certain star 
should pass the meridian of the given place at the same mo- 
ment, the times of their passing the meridian 1 hour or 15** 
west of this would diflFer about 2"*, the times of their passing 
the meridian 2* or 30** west would differ about 4*", and so 
on. If then at any two places the interval between i\\Q 
culminations of the moon and a given star be observed, tlie 
difference of those iuifcervals, divided by the moon's hourly 
change of R. A., will give <^ difference of longitude of the 
two places, expressed in hours. 

67. If the observations were made at only one place, the 
longitude. of that place may still be found by comparing 
the moon's R. A., at the time of its observed culmination, 
with its R. A. at the time of passing the first meridia7iy 
found from the Nautical Almanac. 

The observer at the given place notes the times of me- 
ridian passage of the moon's bright limb and that of a star 
whose R. A. is known ; the interval expressed in sidereal 
time will be their difference of R. A., from which the 
R. A. of the moon's limb will become known. The R. A. 
of the moon's center is then found by adding to that of 
the first limb, or subti-acting from that of the second, the 
sidereal time required for the semidiameter to pass the 
meridian. 
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68. Now, let 

or = R. A. of moon's center at time of tl*ansit, 
or, by Eq. (65), 

a = local sidereal time at instant of transit, 
and let 

S = Greenwich sidereal time at same instant, 
then Longitude = S — a (108) 

69. It remains to show how the value of 8 may be found 
by means of the Lunar Ephemeris. 

Let 

oTj == R. A. next less than or, given in the Ephemeris, 
M = Greenwich niean time corresponding to or, 
Jf, = Greenwich mean time corresponding to or,, 

then ' 

a — «, = change of R. A. in the interval M — Af^ ; 

let 

A = increase of moon's R. A. in 1 minute at the time 
Jf J, expressed in seconds, 
and 

e = hourly increase of A. 

Now the second difference (e) will be found to be sensibly 
constant, hence the first difference (A) varies uniformly, 
and Us mean value for any interval is the vaZtie which 
it has at the middle of that interval. Let the interval 
{M — ifcf,) be expressed in seconds, then the mean value of 
A for this interval will be 

A + UM-My^^. 

The increase of R. A. in the interval (M — 3f,), divided 
by its increase in 1 minute, gives the number of minutes in 
the interval ; that is, 
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a — a^ M — M, 



AH-i(3f-i»fJ ' ^^ 



3600 
Let M — Jf , = X, then 



a? = — 
A 



60 {a — a^) 60 (<y — a^) /.. o^ ^\ 

/. ,_^ _^\" A \ 7200 'Ar 

\ "^7200' A/ 



nearly; and putting 



A 



-r- = X 



\ (109) 

J 



7200 A 
since ic' is an approximate value of x, we have 

**/ -— **/ «*• • 

or Jf = Jf, + .0?' — xf' (110) 

This value of M being converted into sidereal time by 
Art. 19, gives 8 to be used in Eq. (108). 

70. The stars observed in connection with the moon 
should be situated near the moon, as in that' case the errors 
of the Transit instrument and clock will not affect the 
result, for being the same for both moon and star, they will 
be eliminated in finding the observed interval. Such stars 
are called Moon-culminating Stars. 
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OHAPTEE YL 

THE METHOD OF LEAST SQUARES. 

71. The Method of Least Squares is a mathematical pro- 
cess based on the Calculus of Probabilities, and chiefly used 
in determining the best methods of combining the data of 
Practical Astronomy, and in discussing the accuracy of the 
results. The first principles of this method we now proceed 
to explain, beginning with one or two fundamental doc- 
trines of Probability. It will be convenient in this Chap- 
ter to make some changes in the notation adopted at the 
beginning, and which has been followed hitherto. 



Theory of Probabilities. 

72. The mathematical probability of any event is the 
ratio of the number of ways in which it may happen, to the 
whole number of ways in which it may either happen of 
fail. For instance, if we have a box containing 9 white 
balls and 1 black ball, and if a person blindfold proceed to 
dmw a ball from the box, the probability of his drawing 
a white ball will be iV, and that of his drawing a black ball 
will be tV. 

In general, suppose the box to contain a white and b 
black balls, then, 

probability of drawing white ball = - . , 

black « = —ir-T • 

a + 6 
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But « . + * = HL+I =. 1, 

and since either a white or black ball must be drawn, the 
sum of their probabilities is ceii:ainty, hence 

Unity is the meas-ure of certainty. 

73. Suppose now another box containing a' white and b' 
black balls, and ^Bt 

• p = pix)btibility of drawing white ball from 1st, 
p' = " « *• « « 2d, 

P= " " « " " both. 

Then |>=_^, p'=:_^ 

and to find P we have 

number of possible cases = (a -j- 6) {a' + 6*)> 
" • favorable " == oa', 

hence P - -^^."^SF^^.^ - PP' ^ (Ul) 

which shows that the probability of any compound event, 
made up of ttoo independent events, is the prodvet of their 
separate probabilities. The same may be shown to hold 
true of the combination of any number of simple and inde- 
pendent events. 

t 

Probability of Errors of Observation. 

74. The most important application of the Theory of 
Probabilities is to deducing the most probable results from 
many observations, each of which is necessarily more or less 
imperfect. It should be remarked, however, that trust- 
worthy results can only be obtained when the number of 
observations under discussion is very great, and it must be 
premised at the outset, that the rules and formula) deduced 
in this Chapter hold good only in the case of large numbers 

of observations. 

6 



• 
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75. Let til ere be a series of m observations of some quan- 
tity Xy giving the results n, n', n", &c., and affected with 
the errors A, A', A'', &c., then their mean will be 

Now it is safe to .assume that the mean of several equally 
good observations is the most probable value of the quan- 
tity observed, or, in other Avords, that in similar circum- 
stances, positive and negative errors of equal magnitude 
are eqimUy prohaMe, According to this principle, we have 

^ = n — x, L'^n' — x, A"=n" — x,&c. (113) 
We also have from (112), .. 

n -|- w' + n'' -+- &c. = mx = x-^- x -}- x-}- &c., 
hence 

{n — x) + {n' — a;) -f (n-' — x) + &c. = 0, 

or by (113), 

A + A' -f A" + &c. = (114) 

Now a small error would be more likely to be committed 
than a large one, hence the probability diminishes as the 
error increases ; that is, the probability is a function of the 
error itself. 

Let 0A = probability of the error A, 

0A' ^ " " " A', 

&c. &c. 

If in the series of m observations, the error A occurs a times, 
the error A', a' times, &c., then, by the definition of proba- 
bility, we have 

0A= ^, 0A'= ^, &c. 
m m 

But 

a , a' . a'^ I D _ a-}- a^ -{' a'f -|- &c. __ in _, -t 
m"* m "^ m m m ' 

hence 0^ + 0^' 4" 0^" + ^c* = !• 
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The probability that an error lies between certain limits 
is equal to the sum of all the values of 0A between those 
limits. If the limits are infinitely near to each other, 
the value of ^A may be considered constant; hence the 
probability that an error lies between A and A -f- <^^y is 
0A dX 

It follows from this that the probability that an error lies 
between any limits, as a and ft, is the sum of all the elements 
of the form 0A df A between those limits ; that is, 

b 

0Ae?A. 
a 

But it must necessarily lie between + ^ and — (/>, hence 
we have. Art. 72, ' 

0A ^A = 1 (115) 



/. 



/: 



lo 



76. Let P = probability of the system of errors A, A', A", 
Ac., then, since the errors are independent of each other, we 
have by Art. 73, 

P = 0A . 0A' . 0A" . &c. (116) 

To find the most probable system of errors, P must be made 
a maximum. Taking the logarithms of both sides of (116), 

log P = log 0A + log 0A' -f- &c. 

Differentiating and equating with 0, 

d log <t>^ dA . d log »A^ ^A' r ^p - ft 

But from (113), 

fl?A = — dxy d?A' = — dx, &c., * 

hence the last factor in each term is constant, and may be 
divided out. Denoting the other factors by 0'A, 0'A', &c., 
the equation becomes 

0'A + 0'A' -f 0'A" + &c. = 0, 
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I. 

which may be wfitten in the form 

u'hicb, compiu'ed with (114), shows that both cannot be true 
at the same time unless we have 

^A <."A' .^A" _ . 

that is, ^^ ^d log ^A 

is a constant. Denote it bv K, then Ave have 

e? log 0A = JSTA ^A. 
Integrating this, we find 

log <>A = iT ^ + log C, 
and passing from logarithms to numbers, 

it>£i = Ce ' 

in which e is the base of the Naperian system. In oi^der 
that ^A shall diminish as A increases, K must be negative. 
Putting ^ JT = — K", Ave have 

^A = Ce~*'''' (117) 

hence by (115), 

CI c dA=l. 

But* / e e?A = X~ . lience C = 4= , 



(/) 



"A ' \/^ 



and (117) becomes 

0A = * c — *'^' (118) 

the form of the function representing the probability of the 

error A. * 

* See the Author's '* IMeoral ExoMples^** No. 297. 
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The Measure of Precision. 

77. The constant h in Eq. (118) measures the precision 
of the obseiTations. For if the probability (<^ A) be con- 
stant, then if A is small, h will be large ; that is, the better 
or more accurate the observations are, the larger will h be. 

It follows from Art. 75, that in a given series of observa- 
tions, the probability that the error of any one of them is 
between it <5, is 

— 6 



I. 



or by (118), 



h ft 



-f <J —A* A* 
e dX 



6 



In another series, the probability that the error of an obser- 
vation is between ± d' is 






^^ / e d^ 



But since 

j^ r + 6 —h'^' J r + hs — A«A' 

— ,'-: I € <?A = — ,- I e d (AA), 

it appears that the above expressions are equal when 
hS = h'&f If, for example, h' = 2A, the expressions become 
equal when d = 2S'y hence any error will hare the same 
probability in the first system as half that error in the sec- 
ond, or, the precision of the second system is tAvice as great 
as that of the first. 

The Curve of Probability. 

78. Since the probability of an en*or is a function of the 
error itself, we may regard (118) as the equation of a curve, 
taking A as the abscissa, and 0A as the ordinate. The 
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value of A depends on the nature of the observations; 
making A = 1, (118)' becomes 



-^A 1 — A« 

VTT 



(119) 



from which the curve may be constructed. Its form is rep- 
resented in Fig. 5. 



79. The position 
of the point where 
the curvature 
changes from con- 
cave to convex 
may be found by 
putting the sec- 
X ond differential co- 
efficient of the or- 
dinate equal to 0. 




FIG. 5. 
Differentiating (119) twice, we find 






whence 
and 



?0A 2 ..-A\ 

(Z A :7; "^ 




4 A' — A ' 2 — A" 
—j-e ^e = 

Vtt vtt 


0; 


2 A' 1-0, 




A = OJf = VI = 0.707 





(120) 



The Principle of Minimum Squares. 

80. If all the m, observations of the series have equal pre- 
cision, Eqs. (116) and (118) give 

and for the most probable system, P is a maximum ; hence 
A' + A'* -f- A'" -|" &c. is a minimum. Hence, the most 
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probable system of observations is that in which the sum of 
the squares of the errors is tJie least'posiible. 

But if all the observations are not of equal precision, h is 
not the same for all, and we have 

p_ A . h' . h" • &c. — (A' A' + h" A" + &c.) 

and when P is a maximum, A'A' -j- A" A" + &c. is a mini- 
mum; that is, in the most probable system, if each eiTor 
is multiplied by its measure of precision, the sum of the 
squares of the ^products will be the least poss^ihle. 

The Probable Error. 

81. The probable error is such a quantity that there is 
the same probability of the true error, being greater, and of 
its being less than this. 

If the errors of a series of observations are arranged in 
the order of their magnitude, without regard to their alge- 
braic signs, and if r denote the error which stands exactly 
in the middle, then the number of errors less than r is equal 
to the number greater than r, hence the probability that 
the error of any observation is numericallj^ less. than r ; that 
is, included between the limits ± r, is ^. The probability 
that it is greater than r is also ^-, hence r is the probable 
error, 

82, It has already been shown that the probability that 
an error lies between A and A -|- dfA is ^A dfA, or, by (118), 

Vtt 

hence the probability that it lies between the limits and 

^is 

t —h^b.^ 
e dfA. 



h n 

^ J 
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If we consider both positive and negative errors, the prob- 
ability will be twice as great; denoting it by 6^ we have 

t — A' A* 





^2h r 

VtzJ ( 



or putting t == AA, whence 



dA = 



dt 



\- 






^i 



e 
0' 



dt 



(122) 



Developing e " , (122) becomes 

t 
dt{l 



VTT 



^ J 



"12 1-2.3 



+ &c.) 



and performing the integmtions, 
2 ,. f . 1 ^* 



^""^^^""3 + 172 • 5 



^_J_3.f + &c.) (123) 



which converges rapidly Avlien t is small. 

By assuming diffei^ent values for t, and computing the 
values of 0, we may fonn the following table : 



t 


e 


t 


e 


0.1 


0.11246 


0.6 


0.60386 


0.2 


0.22270 


0.7 


0.67780 


0.3 


0,32863 


0.8 


0.74210 


0.4 


0.42839 


0.9 


0.79691 


0.5 


0.52050 


1.0 


0.84270 



83. For the probable error, d — ^=z 0.5, and the corres- 
ponding value of t, denoted by T, found by interpolation 
from the table, is 

T = 0.47694. 
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Since AA = t, we have 

hr ^ T = 0.47694, 

0.476ft4 ,,«.v 

or r - — ^ — (124) 

hence the probable error varies inversely as the constant A, 
and scarves to measure the precision of the obsei-vatfbns. 

The probability that the error of an observation is less 
than the probable error r, is then, by (122), 

-f 
^ =r -^ / e dt ^ I, 



^2 r^^ 



and the probability that it is less than nr is found by taking 
the same integral between the limits and 7iT = 0.47694 m 
Thus, the probability that it is less than ^ r is 

0.23847 



«=^;/ -•■ 



^ 6""" dt =^ 0.264; 

hence in a series of lOOQ observations, we should expect tx) 
find 264 errors less than half the probable error, and 500 
less than the probable error. Continuing the calculation, 
we find there will probably be 688 errors less than f r, 823 
less than 2 r, 957 l«ss than 3 r, 993 less than 4 r, and 999 
less than 5 r. It has been found in the case of large num- 
bers of observations, that these results of theory agree very 
nearly with those of experience. 

The Mean Error. 

84. The mean error is the error whose square is the 
mean of the squares of all the errors. 

Let it be denoted by e, and put 

Z:^^ -f. A'' + A''» -f &c. = 2A», 
then we have by the definition, 

s = l^ (1.5) 
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Eq. (121) may be written in the form 

in which P denotes the probabiHty of a system of m obser- 
vations, A, A', A'% &c., being the errors actually made. That 
value of**A which renders P a maximum is the most prob- 
able value of h for the system. Putting the first differeniial 
coefficient of P equal to 0, we have 

or m — %K HA" =0, 

whence ^ -_= 5^ = e« (126) 

2A' in ^ 



and e 

and by (134), 

e = 1.4826 r 
or r = 0.6745 e 



V r - 1^ <«" 



(128) 



When we make A = 1, (127) gives e = \/i = 0.707, 
whence we see by (120) that the mean error is represented 
by the abscissa OM^ Fig. 5, and that the 'ordinate Mun 
represents its probability. The probable error is rep- 
resented by the abscissa OP, and its probability by the 
ordinate Pp. 

Practical Formula for Findii^^g the Mean and 

Probable Errors. 

85. Eq. (127) gives the correct mean error only when 
A, A', &c., are the actual errors of observation ; that is, 
when the arithmetical mean of the observed values is the 
ti'ue value. Suppose it to differ from the true value by 
some quantity ±: <J, then we must replace 
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A 'by A =t <J, 
A» by A» ± 2 Ad -f d«, 
- DA' by 2A« =t 2 SA . (J + mS", 
or by HA* + mS', 

since, by (114), 2A = 0. Eq. (125) then gives 

me^ = HA' + ??id' ' (129) 

The value of the correction m^ cannot be accuratelv 

ft* 

determined, but as the best approximation we may assume 
ww5' = fi', hence mt^ =* 2A' -f- ^S whence we find 



2A* 

« = =- , or 

m — 1 



= J-^ (130) 
V m — 1 



and by (128), 

r = 0.6745 y/ ^^' (131) 

V *» — 1 



Solution of Equations of Condition. 

86. In the determination of astronomical and other data 
from observation, it usually happens that the quantities 
req^uired are not themselves observed directly, but the quan- 
tity found by direct observation is a known function of 
those whose values are required. Each observation then 
gives rise to an equation between the quantity observed and 
those required. If the number of equations thus formed is 
just equal to that of the required quantities, their values 
can be found by elimination. Now, all the observations are 
liable to error, hence their number should be made as great 
as possible ; but when the number of equations exceeds that 
of the unknown quantities, they cannot.be solved without 
first combining them in such a manner as to make their 
number just equal to that of the unknown quantities. This 
may be done in many different ways, and it becomes an im- 
portant question, — What particular combination of equa- 
tions will give the most accurate results, that is, the smallest 
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probable errors ? To answer this question is one principal 
object of the Method of Least Squares. 



87. The equations derived from observation are of the 
form 

aic + 6y 4" ^ "H *c. -f- ^ = 0, 

and are called equations of condition, because they ex- 
press the conditions which the values of x, y, t, &c. are 
required to satisfy as nearly as possible. But since no val- 
ues can be found which will satisfy them exactly, we should 
write instead of Q in the second member, some quantity % 
depending on the error of the observation which established 
the equation ; our equations of condition are then of the 
form' 

o^"\-hy -\' cz -f" &c. + ^ = ^ 

a'x + h'y -+- <^^ H" &c. -f" ^' = ^' 

ct'o? -f Wy + C'z -f &c. -f ^' = r^' 

&c. 



\ (133) 



According to Article 80, the most probable values of x, 
y, z, &e., are those which substituted in (132) will render 
V' -f- 'v'^ + ©"* -f- &c., that is, 2©^ a minimum. This being 
li function of the independent variables .r, y, z, &c., the con- 
dition for a minimum requires that we have 



<?2©- ^ Q dlv] 
dx ' dy 



^0, 



dfS© 



dz 



- = 0, &c., 



that is. 



^dv . ^ dv' i^ ^, dv'\i o^ f. 
^dv \ \^< dv \ ^t dv' I o^ f^ 

V -^ -h V , - + © , - + &C. = 

dy dy ' dy ' 

^dV _|_ V ^^' J_ W ^^ ' _J_ Jir^ i\ 

dz ^ dz * dz * 



&c. 



&c. 



(133) 
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But, differentiating Eqs. (132), we find 



dv 


'^^■-a' 
^-"' 


^f =a", &c., 
dx 


dt) ^ 

dy~^' 


dv' ., 
dy ''' 


5*'' =6", Ac, 



(124) 



Substituting these in (133), we have 

av + av + a"«" + &e. = 0, 
be -f Vv + 6 '©' + &e. = 0, 
ctJ -j- c'l?' + c' ©" + &e. = 0, &c., 

or 2 (ac) = 0, 2 {bo) = 0, 2 [cv) -= 0, &c., 

or substituting the value of v from (132), 

2 (a^) a; + 2 (oft) y -f 2 (oc) 2J + &c. + 2 (o^) = ^ 

2(a^);r + 2(6^)y + 2 (6e) 2; + &e. -(- 2 (^) =0 

2 (ac) i«r + 2 (6c) 2/r -I- 2 (V) 2? + &c. -(- 2 (eg) = 

&c. &c. 

the number of which is just equal to the number of un- 
known quantities. 

Hence we have the following rule for combining equa- 
tions of condition: MttUiply each equation of condition 
by the coefficient of x in that eqtuxtiony and piit the sti??i of 
the prodiicts eqtial to zero. Doing the same with reference 
to each of the other unknown quantities, as many equations 
will thus be found as there are unknown quantities, from 
which their values can be found in the ordinary way. 

The results obtained by applying this rule to the equa- 
tions of condition are called normal eqtuUions. 

88. The following example illustrates the application of 
the method, but in practice the number of equations should 
be very much increased if much dependence is to be placed 
on the results, since the theory of the method presupposes 
a large number of observations — large enough at least to 
determine the errors to which they are liable. 
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Given the following equations of condition : 

X— y + 2z— 3=0 

3a? + 2y — 5z — 5=0 

4aJ + y + 4z — 21 = 

— a; + 3y + 3z — 14 =0 

Prom these four equations we are to deduce three Normal 
Equations, the solution of which will give the most prohahle 
yahies of x, y and z. 

Applying the rule, we multiply the first equation of con- 
dition by 1, the second by 3, the third by 4, and the fourth 
by — 1 ; adding these products, we get for the first normal 
equation, 

27a; -f 6y — 88 =0, 

and in a similar way we find the second to be • 

6a; + loy + z — 70 = 0, 
and the third, 

y^Uz — 107 = 0. 

We now have three equations with three unknown quan- 
tities, the solution of which gives 

z = 2.470, y = 3.551, z = 1.916. 
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89. The earth being regarded as an oblate spheroid, let 
PEP'y Fig. 6, be a section through its axis PP' and the 
point A, the place of the observer. Let P be the north 
pole, and E a point of the equator, and draw AG normal to 
the surface at A, then the line OA produced will meet the 
zenith of the observer, and the radius CA produced will meet 
the celestial sphere in a point called the geocentric zenith. 

Let a =■ CE = equatorial radius, 

b = CP = polar radius, 

p = CA = radius at given place, 

ft> = AFB = latitude at given place, 

^' = ACB = geocentric latitude of do., 

n = AF = normal at do., 

s = FB — subnormal at do., 

X ^ CB, y = AB^ the rectangular co-ordinates of 

the given place, the origin being 
at the earth's center. 

The latitude of the given place 

may be found by the methods 

^ explained in Chapter IV, hence 

in the problems which follow, 

^ will be regarded as known. 

90. The meridian section PEP 
being an ellipse, its equation is 




56 SPHERICAL ASTKOKOMY. 

t=-„, («^ - ^) (135) 

CI' 

or since lf^a:'{l — c^) (13G) 

y«=(l— c^) (a^ — ixf) (137) 

in which e is the eccentricity. DiflPerentiating this eqna- 
tion, and observing that y is a decreasing function of x, we 
liave 

'Zydy = (1 — e^) 'ZxdXy 

!=(!-«»); (138) 

From the right triangle ABC, we have 
sin<^'=?? (139), 008 0'=- (140), tan0'=^^ (141) 

and from the triangle ABF, 

cos <!>=- (142), tan <A = - (143) 

91. To find the ffeocefitric latitude. 

The general formula for the subnormal is 

""^^dx' 
whence we have by (138), 

8= x{l — ^) (144) 

hence (141) and (143) give 

tan <p ' ^s ^ i_^ 
tan <l> X ' 

or tan <t>' = {1 — e'^) tan <t> (145) 

The angle CAO = AFE— ACF = <^ — </»', and is called 
the Angle of the Vertical, or the Reduction of Latitude. 

92. To find the rectangtdar co-ordinates of the given 
place. 

Comparing Eqs. (141) and (145), we find 
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2^ = (1 —e') tan ^ (146) 

wlienee y' = of (I — ^f tan- <^, 

and by (137), a' — of ^ of (X — e') tan« 0, 

then 3 _ <3^' n47^ 

^ - 1 + (1 — e") tan* i/> ^ '^ 



or a;* = 



eos^ ^ + sin^ ^ — e^ sin' ^ 



3 A ' 



and x= acos±_ ^^^g^ 



and by (146), 



(l — ^ sin^ 0)* 

^^a(l_,^)sinf (j^^^ 

(1 — e^_ sin- 0)^ 
To facilitate the application of logarithms, make 

e sin (f) = sm X (150) 

then (148) and (149) become 

a; = a sec ;t cos (151) 

y = a (1 — e^) sec ;t: sin (152) 

93. To ^Tid? the radius of the earth at the given place. 
From (147) we have, by (145), 

^2 ^ o^ ^ o ^ cos (^ cos <t>' .^.g^ 

1 -j- tan ran 0' "cos (0 — 0') ^ 

and from (140), 

« — ^^ __ <^^ cos 

~~ cos* 0' cos 0' COS (0' — 0') ' 

wheiice p =a v/ ., ^^^,^ -. (154) 

V cos 0' cos {(p 0') ^ 

94. To find the raditis of curvature of the meridian. 
Lai R = radius of curvature of the meridian at the 

point A, The expression for the radius of curvature of the 
ellipse is 
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♦ (U+§^)* 



a'b' ~ ab 

aud we have, by (135) and (136), 

^f = a' — af, ^ a^ = (1 _ e«) a^, a6 = a'(l — e*)* 
hence R = 



a« (1 _ tf»)* 



But from (148), 



a — ec(r = a — ^ r — . ; . = 



a* — aV 



1 — e* sin* 1 — e^ sin* ' 
whence we find 

R = ^ ^^ ~ ^') ^ (155) 

(1 — a' sin* fpy 

which reduces, by (150), to 

12 = a (1 — e*) see' x (156) 

95. To find tlie length of one degree of latitude. 

Let p = length of 1** of the meridian at the given place, 
then we have 

p iIIttR :: r : 360% 

or by (155), 

^»" (1 _ c' sin' ^)* 
or deyeloping the denominator, 

^ = jIq « (1 - «») (1 + 1 «» sin' ^), 

the 4th and higher powers of e being neglected. 
If we put 
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jJga(l-6«) = « (158) 

and i^l ^ q (159) 

we have fi z= l^ q sin' (160) 

At the equator, ff> = 0**, hence i3 = Z; at the pole, ff> = 90% 
and p = l'\' q, 

96. To ^ndf ^Ac compression of the earth. 
Let c = the eftrth's compression, that is. 







= 


a — b __ ^ b 
a a 


then 


(1- 


- of = 


b' , , 

-r = 1 — c' 
a* 


whence 




6* = 


: 2 c — c* = 2c, 


Hence 






c = Jl?' 


and by (159), 






g = 3fc, 


or 






«-i? 



(161) 

nearly. 

(162) 



(163) 



97. To find the radius and length of one degree of a 
pardUel of latitude. 

Let i2' = radius, 

and P' = length of 1**, of the parallel of latitude <t>. Since 

the radius of this parallel is AD = x, Fig. 6, we have by 

(150), 

R =z a sec % cos ^ (164) 

whence (i = zr^rir • sec % cos ^ (165) 

98. The fonnulae obtained in Articles 91 to 97 involve 
not only the latitude (0) of the given place, but likewise (e), 
the eccentricity of the meridian, and (a), the equatorial 
radius. We are now prepared to show how the values of 
these constants may be found from the actual measurement 
of arcs of the meridian. 
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99. To find by measurefiient the length of one degree of 
the meridian. 

The following is the method of deter- 
mining the exact length of an arc of the 
meridian : A base line AB, Fig. 7, is 
selected on a level plain, seveml miles in 
extent, and its length carefully measured 
by the most refined and accurate methods. 
A number of stjitions, 0, D, J?, &c., are 
also chosen as the vertices of a series of 
Z triangles extending in a north and south 
direction, these stations being so situated 
that in any one triangle the vertex of 
either angle can be seen from the other 
two. All the angles of each triangle are 
then carefully measured, and also the in- 
clination of its sides to the true meridian. 
The angles being cleai'ed from spherical 
excess, the sides of all the triangles are 
computed, beginning with ABC, of which 
the side AB was measured. Near the 
other extremity of the chain of triangles, another base, as 
QHy called a "verification base," is also measured, and 
unless there is a close agreement between its computed and 
measured length, the whole process is repeated. 
. The length of each side multiplied by the cosine of its 
inclination to the meridian, gives its projection on the me- 
ridian, and the sum of the projections of AB, BC, CD, &c., 
gives the length of the meridian line NS. 

Let the latitudes of the extreme stations be found by 
observation ; 




let 



and 



(f> = half sum of the observed latitudes, 

d = their difference, 

P = length of 1** of the meridian, 



THE TERRESTRIAL SP&EROID. 61 

then d : V :: NS: 0, 

whence = —~. 

d 

Let these values of and 3 be substituted in Eq, (160). 
Two such measurements on different arcs will furnish two 
equations, from which the values of I and q can be found. 
It will be better, however, tp increase the number of equa- 
tions, and solve them by the Method of Least Squares. 

The values of I and q being thus obtained, e becomes 
known from Eq. (159), and a from (158). 

100. Dimensions of the Earth, 

The values of fi aud ^ derived from thirteen of the best 
measurements of an arc of the meridian in different lati- 
tudes, being substituted in (160), furnish tliirteen equations 
of condition which, combined according to the rule in Art 
87, give two normal equations, from the solution of which 
we find 

I = 68.7023 miles ( 

g = 0.6878 « S ^^^^ 

Hen^e the length of one degree of the meridian in miles, 
at the place whose latitude is 0, is, by (160), 

(3 = 68.7023 + 0.6878 sin« (167) 

At the equator, p = 68.7023 miles, and at the pole, 
P = 69.39 miles. 

Equation (159) gives 

ga = 1^- = 0.00667437. 
Equation (168) gives 

a = ,}^^^ ,, = 3962.8025 miles. 
7r(l — e^) 

Equation (136) gives 

6 = a (1 —e')^ «- 3949.5557 miles. 
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Equation (162) gives 

e = ^e' ^ 0.003337 ^ ^ 



:<jy9.i5 * 



In the application of the formulae obtained in Articles 
91 to 97, the following logarithms will be convenient 

log a = 3.5980024 

log b = 3.5965482 

log e = 8.9122052 

log (1 — e') = 9.9970916 
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CHAPTER VIII. 

ECLIPSES OF THE SUN * 

101. Whenever at the time of new moon, the moon's 
shadow falls on the earth, at those places covered by the 
penumbra there will be seen a partial eclipse of the sun, 
while at those places covered by the umbra, or total shadow, 
there will be witnessed a total eclipse. 

Now in the passage of the shadow eastward over tlie 
earth, an observer at any place in its path will be twice 
situated in the surface of the penumbral cone, and if also in 
the path of the umbra, he will be twice situated in the sur- 
face of the cone of total shadow. Whenever he is in the 
surface of the penumbra, as at 0, Fig. 8, the discs of the sun 
and moon will appear in exterior contjict; that is, he will 
see the beginning or end of the eclipse; and whenever he is 
in the surface of the umbra, as at C', Fig. 9, the discs will 
appear in interior contact; that is, he will see the begin- 
ning or end of the total phase. In the latter case, if the 
observer is beyond the vertex of the cone, as at C, Fig. 9, 
the eclipse will not be total, but annular, and the time of 
apparent in^terior contact will be the beginning or end of 
the annular phase. 

* Chauvbnbt's Spherical and Practical Astronomy, Vol. I, Chap. 
X, contains an exhaustive analytical discusaon of the whole subject 
of Eclipses, Occultations, Transits, etc., accoitiing to the elegpant 
method of Bbssbl. The materials from which the present Chapter 
was wiitten were, for the most ^art, derived fi'om that work. 
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Suppose a plane passed through the observer at right 
angles to the axis of the shadow, then it is evident that at 
the beginning and end of the eclipse, the observer's dis- 
taiice from the axis of the shadow is equal to the radius of 

the penumbra at that point; and also 
that at the times of beginning and end 
of the total or annular phase, the ob- 
servei^'s distance from the axis is equal 
to the i*adius of the umbra at that 
point. 

In general, if we let 

D = distance of observer from axis of 
shadow, 

L = radius of shadow (umbra or pen- 
umbra), 

then at the time of apparent contact 
of discs, we have 

D = i (168) 

102. To find ths radius of tlie 
moons shddoio. 

Let the plane EF, Figs. 8 and 9, 
called the principal plane, be passed 
through the center of the earth per- 
pendicular to the axis of the shadow, 
and therefore parallel to the plane 
CD through the observer. 

Put / = EVF = semi-angle of cone, 
. P= VF, 
to = DF = distance apart of planes, 
I = EF = radius of shadow on principal plane, 
L = CD = " « observer's plane, 

From the triangle EVF, either figure, we have 




BCLIPSBS OF THE SUN. 



65 



tan / = 



EF 



I 
P 



ton/ 



VF 

hence Z«j?taii/ (i69) 

and from the triangle CVD, 

CD _ L 
YD p — w ' 

whence i = (p — w) tan/ = I — to tan / (170) 

Equations (109) and (170) give the radii 
of either the umbra or penumbra, accord 
ing to which the angle/ belongs. 

In the case of total eclipse, tlie observei 
being at C\ Fig. 2, D'F = w'\% greater than 
VF = py hence by (170), L will be nega- 
tive; that is, in a total eclipse, the radius 
of the Wfibra is to be considered negative. 

The radii of 2 and 1/ are expressed in 
terms of p, / and w. Now we have, Figs. 8 
and 9, 

Umf^^tauNMS^ tto =- ^^ ; 



M 



B 



BM 



audi? =VF^ MF± VM= MF ± 

sm/' 

the upper signs being for the penumbni, 
and the lower for the umbra. Hence p 
and /^are known when we know the radii 
of the sun and moon, and their distances 
from the eai'th^s center. The value of 
w — DF Avill be found hereafter. 



103, To find the position of the axis of 

'V'^ ^^^ shadmo. 

Let /Sand M, Fig 10, be the true places 

of the sun and moon, and /9 and M' their apparent places 

as seen from the observer. Let them be re£^rrad to a 
9 
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system of rectangular co-ordinates in space, having its 
origin at the center of the earth, the axis of Z being taken 

parallel to the axis of the 
shadow. The plane XY will 
then coincide with the prin- 
cipal plane, and the axis of 
Xmay be anywhere in this 
plane. Let it be the line join- 
Iy ing the points in which the 
plane XY intersects the 
equator. The axis of Y will 
then be in the great circle 
containing the point Z^ and 
the north pole; that is, in 
the hour circle of \\'\q 
point Z. 

Let Xy y, z, be the co-ordinates of M, the moon's center, 
ard OM = r, its distance from the origin, and let z be 
reckoned positive in the direction of MS, y positive towards 
the north, and x positive towards the east. 

In the right-angled triangle MOE, we have 

OE = OMco&MOE, 

or iT = r cos M'X 

y=^r COB MY ^ (171) 

z = r cos M Z 




rij^^o 



and similarly, 
and 



Let a and 6 denote the right ascension and declination 
of the moon, and a and (? those of the point Z, then 
we have 



E. A. of if « « 
Z =a 

Y = ISC'* + a 
X =90° + a 

From this it follows that 



<. 



4C 



6i 



Dec. of Jf ' = d 
Z =d 

Y =.90*' + <? 
X =0<> 



a 



u 



(( 
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MPZ =a^a, PM = 90* — d, 

Jf'Py =186° — (or — a), PZ =90« — <Z,^ 

MPX== 90* — (or — a), PF =<Z, 

PZ =90^ 
Now in the spherical triangle MPX, 
cos MX = cos M P cos PX + sin if P sin PX cos if PX 

= cos 6 gin (a — a) ; 
also, from the triangles M PY, M PZ, 

cos MY = sin d cos c? — cos 6 sin c? cos (a — a) 
cos if Z = sin d sin t? -j- cos 6 cos (? cos {a — a). 
Substituting in (171) we obtain 

iT = r cos 6 sin (or — a) \ 

y —r [sin d cos d — cos 6 sin d cos (a — a)] v (172) 

2; = r [sin 6 sin (? -j- cos 6 cos (? cos (or — a)] ) 

Since the axis of Z is parallel to the axis of the shadow, 
the values of x and y for every point of the latter will be 
the same as for the moon's center. 

104. To find the distance of ths place of observation from 
the axis of the shadow at a given tirne. 

Let the given place be referred to the same system of 
co-ordinates represented by Fig. 10. Let M now denote 
the position of the given place, then if will be the geocen- 
tric zenith (Art. 89). Let u, t), to, be the co-ordinates of if 
referred to the axes of X,Y, Z, respectively, and let 6 = given 
sidereal time. 

The right ascension of the geocentric zenith, M', is equal 
to 0, (Art. 22) ; its declination equal to <^', the geocentric 
latitude; and the distance of the point M from the origin, 
equal to p, the radius of the place. Hence the values of 
Uy Vf w, are obtained from those of x, y, z, Eqs. 172, by re- 
placing a by B, d by <f>'y and r by p, giving . 
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u = p COS (f)' sitt {0 — a) \ 

V = p [sill ^' cos d — cos <!>' sin d cos (^ — a)] \ (173) 

tt' = p [sin <l>' sin d -f- cos <!>' cos (f cos (0 — a)] j 

The co-ordinates t/, t>, tOy and the radius p, are expressed 
in terms of the equatorial radius^ as unity. 

Now since M , Fig. 10, is the geocentric zenith, the arc 
PM' is an arc of the meridian, hence the angle M PZ, or 
{d — a), is the hour angle of the point Z at the given place. 
If we let II =; hour angle of point Z for meridian of Wash- 
ington ; and k = longitude of given place from Washington 
(negative when east), we shall have 

B — a —ft — A. 

Substituting this in Eqs. (173), and putting 

p cos <l>' = h, p sin ^' = A, 

we gei 

u =-• h sin (/i — X) ^ 

w 

V =* i cos <i — A sin rf cos (ft — A) > (174) 

w = k mn d ~\- h cos d cos {[i — A) J 

We find from (140) and (151), since we suppose a = 1, 

p cos 0' = sec X cos 0, 

and from (139) and (lo2), 

p sin ^' = (1 — ^) sec x sin ^, 

hence We have 

h =^QC X cos 0, A: = (1 — e') sec x sin (175) 

Now the co-ordinates of the place of observation, C, Figs. 
8 and 9, being u, v, tc, and those of the point D of the axis 
of the shadow, being x, p, z, in which z p^w = DF, we 
have for the distance of the place of observation from the 
ivxis of tlte shadow, 
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Substituting this value of i), and' th'fet of i from Eq. 
(170), in (168), and squaring both merabersy we obtitiffi 

(or — uY + (^ — vY - (Z — w tan / )'^ (176) 

the fundamental equation of eclipses. 

105. To adapt the fundaineidal equation to the Eclipse 
Tables of the Am^ican Epheftierin. 

The Tables of Data for Solar Eclipses, given in each voir . 
ume of the American Ephemeris, are based on the following 
transfprmation of Bes8EI*'s fundamental equation, si^g-* 
gested by Prof. T. H. Safford. The equation (176) may 
be written in the form 

. (,r .— uY =(l — to tan /)» — {p — vY 
^ [(l^w tan/) + (V— t?)] [(I — to:tan/) — {p — v)]. 
Putting a^x — u '\ 

b^{l-^wtsiuf) + {p — v) > (177) 

c = (Z — to tan /) — (y — v) j 

we have a? ^bc (178) 

in which, from (174), 

a=:x — A sin (jw — X) 

b = 1 -^ y — k (cos d + sin d tan /) 
+ h (sin d — cos cZ tan/) cos {fi — A) }► (179) 

c = Z — y + * (cos d — sin c? tan /) 

— h (sin d -f- cos d tan /) cos (/i — k) 

These formulae ate adapted to the Tables of Data in the 
Ephemeris by putting 

A = x, B^l + y, C=^l+y, 

B=^ cos d -f- sin <f tan/, 

F=: cos d — sin d tan /, 

O = sin df — cos d tan /. 

IT 3= gin €? .+ cos ^ tan /, 



^ 



70 SPHERICAL ASTRONOMY. 

all of which are independent of the place of observation, 
and, together with the Value of fi, are given for every 10 
minutes of Washington time, for each eclipse. 
Eqs. (179) now become 

a = A — h sin (fi — A) ^ 

b = B — Ek + Gh cos (fji — k) > (180) 

c = — C + Fk — Hh COB (fi — a) ^ ) 

which agree with the formulae in the Nautical Almanac. 

106. To compute t?ie tirne of occurrence of either phase 
of a solar eclipse. 

The problem can only be solved by successive approxi- 
mations. Take the time of the given phase as nearly as 
possible from the Eclipse Chart, and for this time take the 
values of /*, Ay B, C, and the logarithms of E, F, G, H, from 
the tables. Compute A and k by (175), and a, b, c, by (180). 
If the assumed time was correct, Eq. (178) will be satisfied, 
and we shall find 

a = \^bc. 

If we do not, we proceed to find the connection for the 
assumed time. Put 

\^bc = m; 

and let a', 6', 7n', denote the changes of a, b, m, in one sec- 
ond, and t the required correction ; then at the true time of 
the phase we shall have 

a -\-ta' = m^ tm\ 

whence t = , ~ - (181) 

a' — m' 

To find a', differentiate the first of Eqs. (180), in which 
h and A are constants, then 

da = dA — h cos (fi — A) dfiy 
that is, a' ^ A' -- fi'h cos {fi — I) (182) 
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ill wliich a', A', fi', are the changes of a, 4, /i, in one 
second. 

We also find by differentiation, since the clianges of t, /, 
E, F, 6, H, are so small that they may be regarded as 
constant, 

A' = cd, B' = y' = O, 

h' = B — fi'Gh sin (fi — A) (183) 

c' = —C +fi'ffh sin (fi — X) (184) 

But as / is a very small angle, we may put G — H, then 
5' = — e', and since in^ = he, we have 

2mdm = c - db -\-b - dc, 
or 2m7u' = cb + be' = (c — 6) 6' (185) 

whence 



Let us assume 



i«-v/i-s-" w 



tan „ „ _ 

b 



then 771' = ^ (tan ^ Q — cot J Q) 6' = — b' cot Q (187) 
and by (181), 

The values of -4', 5' and C are very small, and are given 
in the tables in terms of 0.000001 as the unit, so that 
the value of t, Eq. (188), requires to be multiplied by 
W = 1000000; The value of /i' is constant, and its loga- 
rithm is 1.86167. 

These formulae apply equally well to the computation of 
the beginning or end of the eclipse, and of the beginning 
or end of the total or annular phase, but in the former case 
the data for the penumbra must be used, and in the latter 
the data for the shadow. 
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107. To Jin4 the points of first and laM contaci. 

Suppose OX, or and OZ, Fig. 11, to 
repjesent the same sygtem of co-ordi- 
nute aires as iu F^g. 10» and let M be 
the projection of the moon's, center, 
a(nd C that of the place of observation, 
on the plane X¥; then MM' repre- 
y gents the axis of the moon's shadow, 
and CM = D. Drawing MN and 
CW! parallel to OX and OF, respec- 
tively, we have, 

MN == x — Uj CN = y — v. 

Denote the angle MCN = M'ZP^ 




by V^, then we have 



u 



whence 



D sin t/) = X - 

D cos i^ =- y — «? 
X — u 



tan t/; = 



y 



V 



(189) 
(190) 

(191) 



Equation (187) gives, by (185), 

tan <? = j= , 

m b — c 



2a 



h — c' 

m 

since at the instant of contact, ni = a. Hence by ^177), 

X — u 



and by (191), 



tan Q = 

, '. e = 1/. (192) 

. Now the arc ZS'M passing through the centers of the 
sun and moon, must pass through their point of contact, 
iienc^ the angle tfj, or PZM', is very nearly the same as the 
angle between the sun's hour circle and th^ line joining its 
center and the point of contact; that is, the angular dis- 
tance of the point of contact from the north point, of the 
sun's disc, reckoned towards the east. Hence by (192), the 
value of Q obtained Irom (186) in computing the time of 
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beginning may be taken as the angle of first contact from 
the north point, and the value of Q obtained in computing 
the time of end, as the angle of last contact from the north 
poipt. 

We see from (189) that if D is positive, the sign of ip will 
be the same as that of a; — u; that is, Q will have the satne 
ei^gn as a. Now we have seen that in the case of a total 
eclipse, the radius, L, is negative, hence D, in Eq. (189), 
must be regarded as negative for a total eclipse, that is, V* 
will have a sign contrary to that of a; — u. Hence in com- 
puting the beginning and end of the total phase, Q must 
be taken with a si^n contrary to that qf a. 

108. The points of first and last contact are generally 
determined by their angular distances from the sun's vertex, 
that is, the point nearest the zenith. 

Let F== angular distance from vertex, and iS'rr paral- 
lactic angle, PSZ, Pig, 3 ; then we have 

F=Q — /» (193) 

To find 8, take the general equations of Spherical Trigo- 
nometry, 

sin a sin C = sin c sin A, 

sin a cos C = cos e sin 6 — sin c cos b cos A, 

and apply them to the triangle PZS, Fig. 2, making 

Az=P, C=S, a = 90^ — h, fe=90<> — d, C=90« — 0, 

and calling the sun's hour angle (i — -^, as it is very nearly ; 
we thus find 

cos h sin S = cos sin {fi — A), 

cos h cos /S = sin ^ cos 6 — cos ^ sin 6 cos (/m — A). 

Putting simp ^p sin P, 

and cos ^ cos (fi — A) = p cos P, 

( cos hsm S == p cos P tan {fi — A) 
cos h cos 8 = p sin (P — d), 
10 
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whence we find 

tan P = ^f^^ ,, (194) 

cos (/i — A) 

and Un8=^l^Z^t-^ (195) 

Sin (P — o) . 

The angle F, found by (193), is for direct vision; if an 
inverting telescope be used, it must be increased or decreased 
by 180^ 

109. To determine the Longitude of the place from the 
obsei^votion of a solar eclipse. 

The observation gives us the local sidereal or mean solar 
time of the observed contact. 

Let s ~ local sidei'eal time of observed contact, 
t = local mean time of do., 
Ty = Washington mean time of do., 
T^ = assumed Washington time for which the odserved 

phase was computed, 
s. ■= corresponding Washington sid. time, 
T = Ti — Tj , expressed in hours, 
A = west longitude of the place. 

Then T,^t + X, and r^t + X—T,, 

whence 'X= T. — t-^r (196) 

or if T is in sidereal time, 

A = 5, — 5 + T • (197) 

In order to find T^, the longitude of the place must be 
approximately known. 

* 

110. It remains to find an expression for r in terms of 
the data furnished by the Ephemeris. Since we have put, 
Art. 105, 

whence y = J (5 + C), 
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we have from (177), 

?^ = ^ — a ; b — e = 2 (y — v), 

whence n = y—\{h — c) =^1{B ^C) — l{h — cy, 

6 + c = 2 {1—4J0 tan/) = %L, 

whence -L = ^ (fe -j- c). 

Hence from the previous computation for the time T^, 
we have 

x, = A,, y, = h{B. + C,) (198) 

and after computing a^, bi, Ci , for the time T^ , by Eqs. 
(180), we shall have 

III =z Ai —ai \ 

«?i = -^ (B, + C,) — I (b, — cO ( (199) 

A = J (^ + eO ) 

Let re' and y' denote the hourly changes of x and y at the 
time Ti , then 

X, = 0^2 + to', y,=y^-\- Ty\ 

and since at the time of contact, T^, Eq. (168) is satisfied, 
(189) and (190) become 

ii sin xj) =z Xi — Ui, i, cos if = yi — tJ, , 

or Li sin %f) = x.2 — u^ + rx' ) 

i;,cost/, = ,y,-i,, + Tv' ^ (^^^) 

in which. T is the only unknown quantity. Put. 

X.2 — u^ = 7n sin Jf , x' ^=n sin iV, 

^3 — tj, = 7/1 COS M, y' '^n cos iVi 

whence tan M = ?'-i-"^:i-^^' , tan N=^ (201 ) 

m = ?^— ^^^ = ?'-^:^-^i n— ^' — ^ (202) 
sin 3f cos Jf ' sin iV cosiV 

then r200' become 

Li sin V' = ^ sin -3f + rn sin N, 

Li cos -ip — m cos 3/ 4" "^^ cos iV. 
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Multiply the first by cos N, and the second by sin N, and 
subtract, tUen 

L, sin (i^---N) ^msin{M — N) (203) 

Multiply the first by sin iV,mnd the second by cos N, and 
add, then 

L, cos (V» — A") « m cos (Jf — iV) + nr (204) 

If we put V> — iV' = €, (203) gives 

' . * m sin (Jf — N) /o(\x\ 

sin e ««' ^ ^ (/tfOo) 

, /ork4\ • A COS e m cos (Jfef — N) 
and (204) gives r = — i ^ ^ , 

butfrom(205), 2,=^"^°(^^-^), 

^ ^ Sin € 

whence 

_ wi ^ sin ( Jf — iV) cos e m ^ cos (M — N) sine 

*"" ^ sin € « sin e 

^ w ^ sin(3f— iVT— c) jg^gj 

n sin e 

Eq. (205) gives two values of c, and that value must be 
taken in (206) which will render 

Li cos e 
n 

negative for first contact, and positive for last contact, recol- 
lecting that Li is negative in the case of a total eclipse. 

Equation (206) gives t in miean solar hours ; it may be re- 
duced to seconds, if the longitude is found by (190), by multi- 
plying by 3600, but if by (197), by multiplying by 3609.856. 

This method of finding the longitude involves the theo- 
retical inaccuracy of using, the approximate longitude in 
finding Ti , on which the values ofu^y Vi, x' and y' depend, 
but it will generally be known with suflScient accuracy for 
this purpose. Any errors in the data derived from the 
Ephemeris will of course affect the resulting longitude. 
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